This work 1 presents a selective review of results concerning the mathematical interface between the classical and quantum aspects encountered in problems such as the nuclear mean-field dynamics or quantum Brownian motion. It is shown that the main difference between classical and quantum behaviour arises from the coherence properties of the phase-space distributions known as "action waves" and Wigner functions.
Introduction
In the case of a quantum particle coupled to a thermal bath of classical harmonic oscillators by a bilinear interaction the Hamilton-Schrödinger equations can be reduced to a non-linear Schrödinger-Langevin equation, containing noise and non-linear friction terms (due to classical backreaction) [10] . Further applications present two variants of this approach:
-for a many-body quantum system, described within some mean-field approximation, ψ is constrained to a symplectic submanifold of the quantum Hilbert space. The example of a superfluid quantum many-fermion system in a thermal environment was considered in [12, 13] .
-for the study of decoherence L ψ can be expressed in terms of the density matrix, such that instead of the Schrödinger-Langevin equation one obtains a quantum LiouvilleLangevin equation [14] . Applications to atomic transition rates in thermal radiation field and decoherence time for a two-level system with Ohmic dissipation are presented in [14] . Numerical integration shows that dissipation produced by the non-linear friction term alone (at zero temperature) resembles the spontaneous decay obtained when the classical environment is quantized. The realistic situation of dissipative atomic tunneling in an asymmetric quartic potential at finite temperature is presented in [15] . Analytically it was shown that if the nonlinear friction term is neglected, then by taking the ensemble average, the results are equivalent to the integration of a quantum Fokker-Planck equation for the density matrix [15] .
The extensive literature on these subjects also includes a detailed analytical study of the environmental decoherence during macroscopic quantum tunneling in a cubic potential using a quantum Kramers equation for the reduced Wigner function of the tunneling particle [16] , or a variational principle describing a classical statistical ensemble on the configuration space interacting with a quantum system, applied to couple quantum matter fields and classical metric [17] .
The variants [10, 12, 14] are summarized in [18] , using for the Lagrangian L tot a more compact form, with the term L ψ alone, but the trial wave functions ψ expressed as a product between quantum, quasiclassical (e.g. mean-field) and classical (action phase-factor) components. The quantum transport equation derived in [15] is also improved by the non-linear friction term to get a Fokker-Planck equation, and integrated numerically for the two-level system. The results show the advantage of the non-linear Liouville-Langevin equation, because the presumed non-linear friction term in the quantum Fokker-Planck equation does not ensure thermalization.
Attempting to find a random force which could simulate the quantum fluctuations, I have arrived at the unexpected result that there is no such force, but instead that a certain "granularity" is required [19] , like in the old quantum mechanics. Thus, while the random force destroys the classical coherence expressed by the Hamilton-Jacobi equation, discretization at a certain scale may induce the "quantum" type of coherence.
The next section reminds the framework of statistical mechanics in which the "classical" coherent distributions are defined, Section 3 outlines the transition to Wigner functions, while the Fokker-Planck equation is discussed in Section 4.
The Liouville equation
Let (M µ , ω µ ) be the phase space of a classical elementary system µ (molecule) with n degrees of freedom [20] , and (M Γ , ω Γ ) the 2nN -dimensional phase space of the ensemble Γ (gas) consisting of N identical elementary subsystems,
In particular, the state of a system composed of N identical point-like particles is described on the 3N dimensional manifold M Γ ≡ T * R 3N by a representative ("phase") point m of coordinates (q,p). To obtain a statistical description of the ensemble each manifold M µ is divided in K infinitesimal cells {b j ; j = 1, K},
of volume δΩ
Therefore we also obtain a partition of the manifold
Denoting by w j the probability to find the representative point m ∈ M Γ at the time t in the cell B j , the ratio P j = w j /δΩ j Γ defines the distribution function of the probability density P, normalized by
It is important to remark that to address the issues of continuity and unicity of P it might be necessary to consider instead of a partition (2) an indexed system of open sets {U i , i ∈ I} covering M µ and a system of q-cochains [21] , q = 0, 1, associating to each set of q + 1 indices i 0 , ..., i q from I a function
As the hamiltonian flow F t on M Γ preserves the volume element Ω Γ , the probability density behaves as a perfect fluid described by the continuity (Liouville) equation
where LH P ≡ −{H, P} is the Lie derivative defined by the Poisson bracket andH is the total Hamiltonian, including interaction terms. The dimensionality of P depends on the dimension of M Γ , 2nN . Because in general M Γ is not a metric space it is convenient to introduce a fundamental unit h for ω, such that h N n is the fundamental unit for Ω Γ . The ratio γ j = δΩ j Γ /h N n is the weight of the cell B j Γ , whileP = h N n P is dimensionless, normalized by
The expectation value of a many-body observableÃ ∈ F(M Γ ) (smooth function on M Γ ), defined by
The expectation value of −k B lnP, where k B is the Boltzmann constant, defines the entropy
The one-particle probability density ρ (orρ = h n ρ) on the phase-space M µ is related to the density P on M Γ by the projection given by integration over
This is well defined because the particles are identical, and although the permutations of coordinate indices 1, 2, ...N → {i 1 , i 2 , ..., i N } yield different phase points, P remains invariant. For instance, if P is a symmetric functional
where N i is the number of particles assigned to ρ i . The ensemble of identical particles can also be described using the Boltzmann representation of "occupation numbers" in the µ-space. Thus, on M µ = T * R 3 , each particle is represented by a point of coordinates (r, p) i , i = 1, N . Let (2) be a partition of M µ in K elementary cells, and N j the average number of such representative points localized in the cell b j . The ratio f j = N j /δΩ j µ defines the distribution function of the particle density 2 f = N ρ on M µ , normalized by
If there are no interactions between components, f satisfies the one-particle Liouville equation
where H ∈ F(M µ ) is the one-particle Hamiltonian and
where ∇ p ≡ ∂ p , ∇ ≡ ∂ q , and for
Classical coherent states
To solve (14) it is convenient to use the Fourier transformf(q, k, t) in momentum,
which is a density on the configuration space R 3 related to the particle (n) or current (j) densities by
Thus, if f(q, p, t) is a solution of (14), then its Fourier transformf(q, k, t) will satisfy
An important class of solutions for the one-particle Liouville equation (14) is represented by the "action distributions"
These are coherent functionals in the sense that remain all the time a product between n(q, t) and δ(p − ∇S(q, t)). The two real functions of coordinates and time, n(q, t) and S(q, t) are related by the hamiltonian flow because for
(18) reduces to the system of equations
where j ≡ n∇S/m is the current density (17) . Thus, presuming the existence of a "momentum potential" S(q, t) we get both the continuity and Hamilton-Jacobi equations.
In general the solutions of (22) are multi-valued, and f 0 is a sum
over different branches. The subspace of solutions f 0 ≡ n [S] (q, t) corresponding to the same function S satisfy the superposition principle,
, and can be called "action waves". If n(q) is a solution of the system (21), (22), then −n(q) is also a solution. To obtain only positive solutions it is convenient to search n of the form n = |ψ| 2 , where ψ can be a complex function. When ψ = √ n exp(iS/σ), with σ a dimensional constant, then
is the symplectic form induced by the complex structure of the Hilbert space H = {ψ ∈ L 2 (R 3 )} generated by ψ. The constant σ and h from (5) have both dimensionality of action, and in the quantum theory σ = h/2π ≡ , where h is the Planck constant.
It is important to remark that while the singularity of f 0 is necessary for coherence, it yields infinite entropy, and therefore is not realistic. To obtain finite entropy we can replace for instance the delta function δ(p − ∇S) by a Gaussian
where b is a finite constant, but in general ng [S] is not coherent. However, in the particular case of the harmonic oscillator potential V (q) = mω 2 q 2 /2 we can find coherent solutions of the form
if b/a = m 2 ω 2 and X, Y are time-dependent vectors which satisfy the classical equations of motion,Ẋ = Y /m,Ẏ = −mω 2 X. These are solutions of constant entropy, which can also be written in the form
where ψ G (q) = g X (q)e iqY /σ . If σ = then ψ G are (up to a phase factor) the nonstationary solutions of the TDSE known as Glauber coherent states. An application of such states to describe "preformed" alpha particles in heavy nuclei, with relevance for the Geiger-Nuttall law [22] , was presented in [23] . At astronomic scale, we may presume that for a suitable constant σ similar considerations might explain the "preformation" of planets along the orbits described by the Titius-Bode law.
Discretization, coherence and quantization
The partial derivative k · ∇S(q, t) in (20) is the limit of
with k = |k| = 0, when → 0. However, if k → 0 too, a more detailed discussion might be necessary. From the early days of differential calculus, it was presumed that in (25) can be arbitrarily small, but finite. It seems though that for microparticles there is a physical limit 0 , and → 0 > 0. The existence of an elementary length 0 > 0, proposed by W. Heisenberg ( 0 ∼ 10 −15 m) and M. Planck ( 0 ∼ 10 −34 m), was developed in the framework of general relativity theory, by the model of crystalline lattice of the physical space [24] , or in string theory [25] . Independently of these considerations, the assumption of a finite limit 0 , expected for each massive particle near its Compton wavelength ( 0 ∼ 1/m 0 ), was used in [19, 26, 27 ] to justify the transition from a classical coherent distribution (20) to a "quantum" distribution of the form (24) . Let us presume that in the Fourier transform (42) from p to k, we approximate
Thus, the space derivative ∂ q S(q, t) is replaced by the finite differences expression with respect to a minimum length depending linearly on k, while the integration on k is limited by the size of the domain in which n(q, t) = 0. In terms of the new parameter
with ψ = √ n exp(iS/σ). In the limit k → 0
and if the terms containing (σ 0 k) m , m ≥ 3, are neglected then
for any dimensional constant σ 0 > 0. Therefore, within a suitable domain for k, we may consider σ from (28), (29) as a finite constant, related eventually to the size of the cells b j used in the partition (2) . If σ = then f ψ obtained inverting (15) ,
is the Wigner transform [28, 29] of the complex "wave function" ψ = √ n exp(iS/σ). Some properties of this functional are summarized below: -f ψ is not positive definite, and in general it cannot represent particle density. However it is integrable, and the normalization condition (5) takes the form
This condition is due to the fact that as long as the particles are distributed over the cells (2) , n = |ψ| 2 is the density over the configuration space 3 .
-The "overlap" integral between two distributions f ψ 1 , f ψ 2 , over the phase-space is [26] (
where
is the scalar product between ψ 1 and ψ 2 as elements of the quantum Hilbert space H. Thus, the overlap (32) is positive and directly related to the statistical interpretation of the scalar product in quantum mechanics, suggesting again the choice σ = . In particular, the overlap between f ψ and the Gaussian (24) is positive.
-The mean value of a classical observable such as q, p, p 2 L = q × p,
is the "expected value" of the usual operatorÂ on H associated to the observable A:
For the Hamiltonian (13) < H > f = Ĥ ψ , H = −σ 2 ∆/2m + V , and the energy density becomes
-A symplectic diffeomorphism Φ on (M, ω) which acts by (f ψ ) = Φ * f ψ yields, according to (32) , a unitary transformationÛ Φ of the state vectors ψ ∈ H of the form ψ =Û Φ ψ, such that
In particular, when Φ is the action of a Lie group G, the infinitesimal transformations take the formÛ = 1 + i Ĵ , whereĴ are Hermitian operators associated to the elements of the algebra g of G. Thus, the main difference between the classical and quantum realization of symmetries (e.g. at spontaneous symmetry breaking) is due to the difference between the coherence properties of f 0 and f ψ .
In general, a functional f [n,S] of n and S, will be called coherent with respect to the classical Liouville equation if during time-evolution it remains the same functional, although n and S may change. According to [19] , if the potential in H is a constant, linear, or quadratic polynomial of q, then f ψ is an exact solution of the Liouville equation
formally identical to the time dependent Schrödinger equation (TDSE). Thus, f 0 is coherent for any Hamiltonian, but f ψ is coherent only for polynomial potentials of degree at most 2. This restriction was derived before using different arguments both in algebraic and geometric quantization [1, 27] . Beside the stability of the functional form, another aspect of the "coherence" property is that for f 0 and f ψ the two functions n and S play also the role of canonically conjugate variables. This aspect is particularly important for real waves quanta such as photons or phonons [30] , and it can be shown [19] that the equations of motion for these variables can be derived from a variational principle related to infinite-dimensional Hamiltonian systems of the form
and H = d 3 q w is the classical (w ≡ w cl = nH(∇S), q)) or quantum, (w ≡ w q ) energy functional of n and S. For an integrable distribution f ∈ L 1 (M ) on the symplectic manifold M = T * Q, the "coordinates" (n, S) presume a foliation of M by Lagrangian submanifolds Λ S ⊂ M generated by S ∈ C 1 (W ), W ⊂ Q, and the projection 
Although the relationship between ψ and f ψ is nonlinear, and
we note that if ψ 1 , ψ 2 are solutions of TDSE, and f ψ 1 , f ψ 2 satisfy the Liouville equation, then f ψ 1 +ψ 2 is also a solution of the Liouville equation. Using the Dirac notationP ψ ≡ |ψ ψ| for the projection operator associated to the state function ψ, ψ|ψ = 1, the distribution f ψ (30) takes the form
withÛ k/2 = e iσk·p/2 . Thus, between f ψ andP ψ there exists a linear relationship by the transform W. Moreover, if C denotes a complete set of states, then
In terms of group actions, the configuration space Q = R 3 is homogeneous space for the Lie group G = R 3 of the space translations, T q Q T e G ≡ g, such that the momentum space T * q Q is parameterized by p ∈ g * . The eigenfunctions ψ µ ofĤ,Ĥ ψ µ = E µ ψ µ (40) are stationary solutions of (36), ψ µ (t) = e −iEµt/σ ψ µ (0), and correspond to distributions f ψµ independent of time, of energy E µ ,
It is important to remark that this equality, which is used in many stationary variational calculations, holds for any Hamiltonian of the form (13) [31].
Relativistic Wigner functions and Schrödinger equation
The problem of relativistic Wigner functions and Schrödinger equation for massive particles was studied in [26] within the extended phase-space M e = T * R 4 presented in [32] . Thus, the energy (E) and time (t ≡ q 0 /c) become conjugate variables, evolving with respect to a true parameter u, called universal time. A particular class of coherent solutions for the relativistic Liouville equation (RLE) consists of the "action distributions"
where n e is the localization probability density in space-time. Considering ∂ u S = m 0 c 2 , in the case of a free particle we get the continuity equation and
For a density n e (q e , u) = δ(q 0 − cu)n(q, u), localized in time, (43) reduces in the nonrelativistic limit to the usual continuity equation
The nonrelativistic identification of u as time may appear when t is a quasiclassical variable [18] , described by a Gaussian wave-packet such that t = u. The width of this wavepacket sets a lower limit for the classical time-intervals, and a minimum space-length 0 . Evidence for the existence of such an elementary time-interval δt 0 = 0 /c = /m 0 c 2 was found in the particle data [26] . Thus, the ratio m 0 c 2 /Γ = τ L /δt 0 between the mass (in MeV) and decay width (Γ), calculated using the experimental data 4 for meson and baryon resonances is well interpolated by functions of the form 2.1 + C/Γ, where C is 1222 MeV for mesons and 1487 MeV for baryons (Figure 1 , Appendix), indicating that the lifetime τ L = /Γ is limited below by 2δt 0 .
is a "static" solution (∂ uf
The extended phase-space is also the suitable framework to describe the electromagnetic field [34] . In vacuum the electric and magnetic fields E and B appear as coefficients of two dual 2-forms ω f , ω * f on the space-time manifold R 4 ,
In the presence of the field the canonical symplectic form ω e 0 on T * R 4 for a relativistic massive particle which carries the electric charge q e and the magnetic charge q m becomes [34] 
to account for the Lorentz forces F B = q e v × B/c and F E = −q m v × E/c. By specific integrality conditions these two forms provide electric or magnetic charge quantization, while the exterior derivatives in vacuum dω f = dω * f = 0 yield the wave equation E = B = 0. Such an equation has as coherent solutions any vector function of τ = t±n·q/c, where n is the unit vector along the propagation direction. For instance, E can be a harmonic or a Gaussian function of τ , as we may have a plane wave or a localized pulse. However, τ is not Lorentz-invariant, and instead it is convenient to consider coherent functionals of a Lorentz-invariant function ϕ(q 0 , q) ∼ τ .
The photon, as relativistic particle of vanishing rest mass and energy = c|p|, associated with the (real) electromagnetic waves, can be introduced considering the energy-density continuity equation
and the eikonal equation
which are similar to (43) and (44) with m 0 = 0. Here w f = (E 2 + B 2 )/2 is the energy density of the field and Y = cE × B is the Poynting vector. Because photons are free particles there are no "zero-point energy" terms in the Planck distribution, (accurately retrieved in the 2.7 K cosmic microwave background spectrum [35] ), or in the vacuum energy density [36] . The case of particles in states of negative energy (E < 0) is peculiar because according to [26] , in such states the Lorentz group SO(1, 3) is replaced by SO(4), isomorphic to SU (2) × SU (2). This means that for E < 0 the distinction between space and time coordinates disappears, and apparently such particles live in closed, unobservable spacetime domains. It is interesting to remark that in general relativity the metric outside a spherical shell of mass M [37] ,
Nm 2 /kg 2 , shows no clear distinction between space and time coordinates at r < R g = 2γ 0 M/c 2 , when formally the gravitational binding energy approaches −M c 2 .
Beside this similarity, we may speculate that the effect of the inertial parameter (mass) on the metric described at macroscopic scale by the general relativity may turn at atomic scale into an effect on the constant 0 .
Finite temperature effects
At finite temperature (T ) the thermal noise affects the statistical ensemble of the "pure" coherent distributions, which evolve towards the classical equilibrium density f e ,
β = 1/k B T , according to the Fokker-Planck equation
where γ denotes the friction coefficient. By the Fourier transform in momentum (50) becomes
A functionf of the quantum formf ψ (q, k) = ψ(a)ψ(b) * , with a = q + k/2 and b = q − k/2, can be written as a matrix elementf ab = a|ψ ψ|b of the operator |ψ ψ| between the eigenstates |a , |b of the position operatorq. With this notation we also get ∂ tfab = (∂ tf ) ab ,
where {, } denotes the anticommutator. At small k
and as indicated in [19] , for a single microscopic particle when σ = ,f =ρ, T rρ = 1, (51) takes the form of the quantum Fokker-Planck equation for the density matrixρ,
This equation is similar to the one proposed in [38] , and by replacing p forp in {p,ρ} , it takes the form considered in [18] . Though, none of them has a satisfactory form, apparently due to the dissipative term. In classical mechanics, the effect of dissipation is not only energy loss, but also decrease in the phase-space volume. Thus, near the volume of the elementary cell one can expect a change in the dissipation mechanism. In fact, whenĤ =p 2 /2m the quantum equilibrium distributionŝ
(ζ is a normalization constant), can be obtained as stationary solutions of the nonlinear equation
in which the term ∓γζ{p,ρ 2 } /2m could be assigned to a density-dependent friction force [31] . However, before thermalization, while the thermal noise decreases the coherence domain, one can expect a transition from complex (ψ) "probability waves" to real (n) density waves [19] .
Conclusions
The Fourier transform in momentumf of the distribution function on the classical phase space is a density on the configuration space Q, such that coherent solutions of the Liouville equation, expressed as functionals of only two functions on Q, n and S, can be found. The action waves f 0 (42) are localized in momentum and evolve according to the Hamilton-Jacobi equation at infinite entropy. In the particular case of the harmonic oscillator Hamiltonian can also be found coherent distributions (24) of finite entropy. These are coherent not only as Gaussian distributions on the phase-space, but also as the Wigner transform of Glauber coherent states for the TDSE. In general, a functional f 0 takes the form of the Wigner function f ψ (30) by space discretization. Although f ψ is not positive definite, it has a positive overlap with (24) , and in this sense can be considered as particle (or probability) density. During time evolution f ψ , with ψ an exact solution of TDSE, remains coherent only for polynomial potentials of degree at most 2. This means for instance that in a Coulomb potential either the classical Liouville equation, or TDSE should contain correction terms, which can be calculated and compared to other corrections (e.g. relativistic, QED [39] ), or experimental data (e.g. the transition time in single atoms [40] ). However, the equality (41) < H > | f ψ = Ĥ ψ , which can be used in time-independent variational calculations for the dominant part of the (quasi) stationary equilibrium distributions, holds for any potential [31] . Relativistic Wigner functions can be defined similarly, by space-time discretization of the action distributions on the extended phase space. Though, the presumed dependence of the minimum interval of time (the "present") on the inertial parameter, or the problem of negative mass, indicate that the suitable framework for discussion is the general relativity.
At finite temperature the Fourier transform (51) of the classical Fokker-Planck equation takes the form of the quantum transport equation (52) simply by considering the densityf ψ (q, k) as a matrix element. However, to obtain the quantum equilibrium distributions (53) as stationary solutions an additional, density-dependent dissipative term, is necessary.
The results summarized above indicate that the functional coherent distributions on the classical phase-space may provide the missing link between classical mechanics and quantum phenomenology. The "action waves" (42) and the Wigner functions (30) are two examples of coherent distributions f [n,S] related to the classical and quantum behaviour, respectively, but the space of such solutions, its relationship to "granularity", and the various aspects of "decoherence" remain so far unexplored. 
